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Abstract 

In this paper we study the smoothness properties of solutions to the KP-I equation. 
We show that the equation's dispersive nature leads to a gain in regularity for the 
solution. In particular, if the initial data (p possesses certain regularity and sufficient 
decay as x — > oo, then the solution u{t) will be smoother than (j) for < t < T where 
T is the existence time of the solution. 

Keywords and phrases: KP-I equation, gain in regularity, weighted Sobolev space. 

1 Introduction 

The KdV equation is a model for water wave propagation in shallow water with weak dis- 
persive and weak nonlinear effects. In 1970, Kadomtsev & Petviashvili [H] derived a two- 
dimensional analog to the KdV equation. Now known as the KP-I and KP-II equations, 
these equations are given by 

'^tx ~l~ ^xxxx ~l~ ^xx ~l~ ^^yy ~^ i^^^x^x 

where e = =f1- In addition to being used as a model for the evolution of surface waves [1], 
the KP equation has also been proposed as a model for internal waves in straits or channels 
of varying depth and width [2l] , [8] . The KP equation has also been studied as a model for 
ion-acoustic wave propagation in isotropic media [21]. In this paper we consider smoothness 
properties of solutions to the KP-I equation 

{Ut + Ur,xx + U:r + UUx)x -Uyy = 0, (x, ?/) G M^, tGR (1.1) 

u{x, y, 0) = y). (1.2) 

Certain results concerning the Cauchy problem for the KP-I equation include the follow- 
ing. Ukai [25] proved local well-posedness for both the KP-I and KP-II equations for initial 
data in i/"(R2)^ g > 3, while Saut [23] proved some local existence results for generalized 
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KP equations. More recently, results concerning global well-posedness for the KP-1 equation 
have appeared. In particular, see the works of Kenig |T5] and Molinet, Saut, and Tzvetkov 
[20] . Here we consider the question of gain of regularity for solutions to the KP-1 equation. 

A number of results concerning gain of regularity for various nonlinear evolution equations 
have appeared. This paper uses the ideas of Cohen Kato [13], Craig and Goodman [6] 
and Craig, Kappeler, and Strauss Cohen considered the KdV equation, showing that 
"box-shaped" initial data (j) G L^(M^) with compact support lead to a solution u{t) which 
is smooth for t > 0. Kato generalized this result, showing that if the initial data are in 
L^((l + e'^^) dx), the unique solution u{t) E C°°{M?) for t > 0. Kruzhkov and Faminskii [17] 
replaced the exponential weight function with a polynomial weight function, quantifying the 
gain in regularity of the solution in terms of the decay at infinity of the initial data. Craig, 
Kappeler, and Strauss expanded on the ideas from these earlier papers in their treatment of 
highly generlized KdV equations. 

Other results on gain of regularity for linear and nonlinear dispersive equations include the 
works of Hayashi, Nakamitsu, and Tsutsumi [TU], [TT], Hayashi and Ozawa [12], Constantin 
and Saut [5], Ponce [22], Ginibre and Velo [9], Kenig, Ponce and Vega [16], Vera [26], [27] 
and Ceballos, Sepulveda and Vera 

In studying propagation of singularities, it is natural to consider the bicharacteristics 
associated with the differential operator. For the KdV equation, it is known that the bichar- 
acteristics all point to the left for t > 0, and all singularities travel in that direction. Kato 
[T3] makes use of this uniform dispersion, choosing a nonsymmetric weight function decaying 
as X — oo and growing as x — oo. In [7], Craig, Kappeler and Strauss also make use of 
a unidirectional propagation of singularities in their results on infinite smoothing properties 
for generalized KdV-type equations for which fu^^^ > c > 0. 

For the two-dimensional case, Levandosky [18j proves smoothing properties for the KP- 
11 equation. This result makes use of the fact that the bicharacteristics all point into one 
half-plane. Subsequently, in [19], Levandosky considers generalized KdV-type equations in 
two- dimensions, proving that if all bicharacteristics point into one half-plane, an infinite gain 
in regularity will occur, assuming sufficient decay at infinity of the initial data. 

In this paper, we address the question regarding gain in regularity for the KP-1 equation. 
Unlike the KP-11 equation, the bicharacteristics for the KP-1 equation are not restricted to 
a half-plane but span all of R^. As a result, singularities may travel in all of M^. However, 
here we prove that if the initial data decays sufficiently as x — > oo, then we will gain a finite 
number of derivatives in x (as well as mixed derivatives). In order to state a special case of 
our gain in regularity theorem, we first introduce certain function spaces we will be using. 

Definition. We define 




(1.3) 



equipped with the natural norm. On the space 




(1.4) 
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we define the operator hy d^^u = u. Therefore, in particular, we can write the norm 
ofX0(R2)as 



I 1 12 

\u\ \ 



I + ul^x + {d^^Uyyf ]dxdy < +00 (1.5) 
On this space of functions X°(R^), it makes sense to rewrite fll.ll) - fll.2p as 

Ut+UxXX+Un,+UUn,-d~'^Uyy=Q, (x, y)GM^, tGR (1.6) 

m(x, y, 0) = 0(x, y) (1.7) 



and consider weak solutions u & X' 



Definition. Let N be a positive integer. We define the space of functions X^(M^) as follows 
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X"" =\u: ueL'iR^), J^-\en)eH''{R^), T'^ [ '^u\ G //^(M^) |> (1.^ 



equipped with the norm 

II^IIW^) = I |«'+ >^ + I dxdy<\^ (1.9) 

where a = (ai, 02) ^ x '^'^ and \a\ = ai + 02. 



Gain of Regularity Theorem. Let u be a solution of (ll.6p -( fL7|l m x [0,T] sitc/i t/iat 
M G L^{[0,T];X\R^)) and 



0<t<T 

for some integer L > 2. Then 



sup / [m^ + (dyuf + (1 + a:+)^(9^M)^] dx dy < +00 
<i<r Jr2 



(1.10) 



sup / tl°l"^(xi''-l"l-"' + e'^"-)(a"M)2+ / tl"l-^(xf"l"l""'~' + e™-)(9"M,)2 < cx), 

for L + 1 < \a\ < 2L — 1 , 2L — \a\ — a2 > 1 , cr > arbitrary. 
Remarks. 

(1) If we consider |a| = 2L — 1 above, then a = {2L — 1, 0) in which case the result states 
that 

i-T I- 



sup / t^-^(x+ + e'^"-)(9f-^n)'+ / / t^-i(l + e'^"-)(9f u)' < oo. 
o<t<T Jm? Jo ilR2 

In particular, this result shows a gain in L derivatives in x. 



(2) While we gain x derivatives and mixed derivatives, we do not gain pure y derivatives. 
However, we do not require any weighted estimates on dyU. In addition, we do not 
require any weighted estimates on u. The results on the KP-H equation include gains 
in pure y derivatives, but also require weighted estimates on dyU. 

(3) The assumptions on u are reasonable and shown to hold in section 6. 

The main idea of the proof is the following. We use an inductive argument where on each 
level we apply the operator = d^^dy^ to ( 11. 6p . multiply the differentiated equation by 
2fad°'u where fa is our weight function, to be specified later, and integrate over M^. Doing 
so, we arrive at the following inequality 



dt / /(a"M)^ + 3 / Ud'^u^Y < / Ud'^d-'uyY 

(1.11) 



where / = Jj^a dxdy. Assuming > 0, the second term on the left-hand side has a positive 
sign, thus allowing us to prove a gain in regularity. We notice that the first term on the 
right-hand side is of order By choosing appropriate weight functions for each a, we 
have a bound on that term from the previous step of the induction. After proving estimates 
involving the nonlinear term on the right-hand side of the equation, we apply Gronwall's 
inequality to prove the bounds on the terms on the left-hand side of the equation. 

The plan of the paper is the following. In section 2 we show the derivation of (11.111) . In 
sections 3 and 4 we prove an existence result showing that for initial data (p £ X^(M^) there 
exists a smooth solution u G L°°([0, T]; X^(M^)) for a time T depending only on ||0||xo. In 
section 5 we prove estimates for the terms on the right-hand side of (11.111) . In section 6 we 
prove a priori estimates showing that the solution u found in section 4 also satisfies (11.101) 
for the same time T as long as 

(0' + (5^0)' + (l + ^+)^(5^0)')<oo. 

Once we have found the solution u in the appropriate weighted space as well as bounds for 
terms on the right-hand side of (11.111) . in section 7, we can state and prove our main gain 
in regularity result. This proof uses an inductive argument along with the main estimates 
proven in section 5. 

Choice of weight function. We will be using non-symmetric weight functions. In 
particular, we will be using weight functions f{x,t) G which behave roughly like pow- 
ers of X for X > 1 and decay exponentially for x < —1. We define our weight classes as follows. 

Definition. A function / = /(x, t) belongs to the weight class W„ik if it is a positive 
function on M x [0, T] and there are constants Cj, < j < 5 such that 

< ci < r^e-'^^/(a;, t) < C2 V x < -1, < t < T. (1.12) 
< cs <t-^ X-' f{x, t) <C4 Vx>l, 0<t<T. (1.13) 
{t\dtf\ + \dlf\)/f<C5 V(x, t)GRx[0, T], VrGN. (1.14) 
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Thus / looks like t'^ as t ^ 0, like as x — > +00 and like e*^^ as x — > —00. 
Before proceeding, we introduce some other function spaces we will be using. 
Definition. Let N he a positive integer. Let {Wa % k) be the space of functions 



with / e W„ i k fixed. 
Remcirks. 



/ 5^PV + /|aM^]<+oo i (1.15) 



(1) We note that although the norm above depends on /, all choices of / in this class lead 
to equivalent norms. 

(2) The usual Sobolcv space is i/^(R^) without a weight. 
Definition. For fixed / e Wa- i k define the space {N be a positive integer) 

L'i[0,T]: H!^iW^,k)) 
= i^v{x,y,t): lklli.([o,T]:^-(H^.,,)) = / ||^(-,-,t)|||.(^^^^)(it<+oo|(1.16) 

L°°{[0,T]: H^{W,,,)) 

v{x,y,t): \\v\\l..^[o^t]:H^{w^,,))= sup ||^;( t)||^^^(^^^.^) <+ 00 1(1.17) 

For simplicity, let 

ZL^X\R')f]H^{WoLo). (1-18) 
With this notation, Zl consists of those functions u such that 

/ [u' + ul,, + {d;\yf + ul+J2(d''^)' + Mnf\dxdy (1.19) 

-^^^ \a\<L 

for some / G Wqlo- 



We now state a lemma describing one of the types of bounds we will be using for our a 
priori estimates. 



Lemma 1.1. For p, q > 1, ^ + ^<l,ue L'^{W), 

\\u\\Loo^^2)<c(^JJl + \^\P+\r]\'^]\^^d^dr]^ ' . (1.20) 



Proof. The proof follows from writing u in terms of its inverse Fourier transform and using 
the fact that 

d^dr] < +00 



l + |e|P+|r/|5 

for p, q satisfying our hypothesis. □ 
In particular, we have: 

1/2 



1^1 |l^(R2) < c 



(^Jju' + ul, + ul]dxdy^ . (1.21) 

2 Main Equality 

We consider the KP-I equation 

Ut + U^a:x + U^ + UUx-d~^Uyy = 0, (x, ?/) G tER (2.1) 

u{x,y,0)=<j){x,y). (2.2) 

Lemma 2.1. Let u be a solution of f l2.ip -( l2l2l) with enough Sobolev regularity and with 
sufficient decay at infinity. Let f = f{x,t). Then 

a„,\2 j„ j„. , / „ / aa„, \2 



dt I f{d'^uydxdy+ / gid'^u^ydxdy 

+ / e{d'^ufdxdy+ I e^^d'^d-^Uyf dxdy + / R^dxdy = (2.3) 



u 



such that 

9 = ^fx 

d = — [ft + fxxx + fx ] 
^1 = - fx 

Proof. Applying the operator to (12.11) . we have 

d'^ut + + + d'^iuu,) - d''d-\y = 0. 

Multiplying by 2 f d°'u and integrating over M^, we have 

2 J f (d^u) (a-M)i + 2 y / (9-n) (9°M,,,) + 2 y / (a-n) (9"m J 

+ 2 /" /(9"n)9'^(MM,)- 2 /" / (a°M) (9"9~in,j,) = 0. 



(2.4) 



Each term in (12.41) is calculated separately integrating by parts 

2 J f (d'^u) = dtjf (d'^uf - J ft {d'-uY. 



2 / / (d'^u) = 3 / {d'^u^y - / {d'^u'^ 



2 / / (d^u) (d^u,) = - I {d^uf 



2 I f (d-u) {d^d-'uyy) = - j h {d'-d-'u 



n=0 m=0 

Replacing in (12.41) we obtain 



?i=0 m=0 

Therefore, we obtain the Main Equality, 



dtj /(9"m)2 + 3 y fAd''u,f + J ^(9'^n)2 + y ^1 (d''d-\f + J R^ = Q 



such that 



^ — — [ft + fxxx + fx ] 
01 = - fx 

n=l m=l V / V / 



3 An a priori estimate 

In section four we prove a basic local-in-time existence theorem for fl2.1l) - fl2.2p . The proof 
relies on approximating fl2.1l) by a sequence of linear equations. In this section, we prove 
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an existence theorem for linear equations as well as an a priori estimate on those solutions 
which will be necessary for our main existence theorem in the next section. 
We begin by approximating (]2.ip by the linear equation 

ut^ + 41 + 4") + n('^-i) 4") - 9-^4;) = (3.1) 

where the initial condition is given by ?/, 0) = <^(a;, y) and the first approximation is 

given by u^'^\x^ y, t) = y). The linear equation which is to be solved at each iteration 
is of the form 

Ut + Uj,xx + U:„ + buj,-d~'^Uyy = 0. (3.2) 

where 6 is a smooth bounded coefficient. Below we show that this equation can be solved in 
any interval of time in which the coefficient is defined. 

Lemma 3.1 (Existence for linear equation). Given initial data (p G if°°(]R^) = nAf>o -f^^(I^^) 
and d^^ipyy G f]jy>Q if^(R^) there exists a unique solution of (13. 2p . The solution is defined 
in any time interval in which the coefficients are defined. 



Proof. Let T > be arbitrary and M > be a constant. Let 

c = dt + dl + d, + hd^-d-^dl 

2 

be defined on those functions u G X°(]R^). Recall that u G X''(M^) means u, u^xx, G 
L^(]R^). We consider the bilinear form B : V x V ^ R, 

T 

Mt , 



B{u, v) = {u, v) = / e uvdxdydt 
Jo iR2 

where V = {u & C{[0, T] : L^(M^)) : u{x, y, 0) = 0}. By integration by parts, we see that 

Cu ■ udxdy = T^dtj dxdy — - j h^u^ dx dy 
> -dt / dxdy / cu^ dx dy 

2 Jr2 2 J]U2 

We multiply by e~^* and integrate in time to obtain for u G C([0, T] : X°(R^)) with 
u{x, 0) = 

{Cu,u)>e-^^'[ u^dxdy+{M-c) [ e-^''u^dxdy. (3.3) 

iR2 J^2 

Thus, {Cu, u) > {u, u) provided M is chosen large enough. Similarly, , v) > {v, v) 
for all V G C([0, T] : ^^(M^)) such that v{x, y,T) = where C* denotes the formal 
adjoint of C. Therefore, {C*v, C*u) is an inner product on P* = {f G C([0, T] : X°(M^)) : 
v{x, y, T) = 0}. Denote by Y the completion of V* with respect to this inner product. 
By the Riesz representation theorem, there exists a unique solution V & Y, such that for 
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any v G V* , {C*V, C*v) = (0, v{x, y, 0)) where we used the fact that (0, v{x, y, 0)) is a 
bounded hnear functional on V*. Then w = C*V is a weak solution of Cw = 0, Wq = (p with 
w e L2(M2 X [0, T]). 

Remark. To obtain higher regularity of the solution, we repeat the proof with higher 
derivatives included in the inner product. It is a standard approximation procedure to ob- 
tain a result for general initial data. □ 



Next, we need to introduce a new function space. Let 

= {u: ue L°°([0, T] : H^^+'^'^+^^R^)), Ut G L°°([0, T] : H^{R''))} (3.4) 
where H^°''^'"^\M.'^) = {u : u, d^^u, dy'^u G L^(R^)} with the accompanying norm 



l^ll^jv = sup 



t£[0,T] JR2 



U 



yyJ 



+ 



\j\=N 



(3.5) 



Using this function space and the linearized equation (13. ip . we consider the mapping 11 : 
Z^ such that ■u^"-' = Yi{vS-'^~^'^) and our first approximation is given by u^^\x,y,t) = 
(j){x,y). In Lemma 3.2 below, we show an a priori estimate which will be used on our se- 
quence of solutions {m*-"^} in our main existence theorem in section four. 

Lemma 3.2. Let v, w be a pair of functions in Z^ for all N and all t > 0, such that 
V, w are solutions to 



Then for all N > 0, the following inequality holds: 

||t^|||]V < \\V{- , ■ , 0)||^(]v+3,]v+2)(|52) + \ \Vt{ ■ , ■ , 0)||^]V(]g2) + Ct IIU^II^AT | | f | ||]V 

for all t > 0. 

Proof. We will show that for each j, \j\ > and <t <t, 

dt J [ (d^vi ■ , ■ , t)r+id'divi + {&div{ ■,-,t)f + {&vt{ ■ , ■ , t))2 : 

<c|k||^i.i||t^|||i,|. 



(3.6) 
(3.7) 



We begin by taking j derivatives of (13.61) . We have 

cPvt + cPv^xx + cPvx + d^{wvx) - cPd~^Vyy 
Multiply (13. 8p by 2d^v and integrate over M? . Hence 



0. 



(3.^ 



dt {d^vi-,-,t)f < c 



< 



d^{wvx) i&'v] 



(d^w) Vx + ■ ■ ■ + w (d^Vx) ] i&'v) 



The remainder terms can be bounded as follows: 



and 



< ||fa;||L-(IR2) / {&> w) 



1/2 / /• \ 1/2 

^2\ I l(^gj^y 



< c ( I \vl + vl^^ + vly 



< c \ \w\\^\j\ \\v\\^\ji 



1/2 



\w\ 



\H\s 



< 



Wx {d-'v 



< C I I \WI+ Wl^^ + ' 



1/2 



Therefore, we obtain 



Next, we take three x derivatives of f l3.8p . multiply by 2d^Vxxx and integrate over M^. Our 
inequality becomes 



dt I d^Vxxx < c 



< c 



{d^{wVx)xxx) {cPVxx 



i^^xxx "^x ~l~ 2 Wxx "^xx ~l~ 2 Wx Vxxx ~l~ ^ '^xxxx) ^(^'^ ^xxx) 



< C 



d^iWxxxVx) {cPVx 



+ C 



d^iWxxVxx) {d^Vx 



+ c 



d^{Wx Vxxx) (d^Vxxx) 



+ c 



d^iwVxxxx) {d^Vx 



<h+h+h+h 
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We will look at terms Ik, = 1, 2, 3, 4 below. For Ji we have 



< \\vx\\l^{r-^) / {d^ 



1/2 



1/2 



1/2 



1/2 



< Iblizo Ikll^ui ll^^ll^ui + ■■■ + IK'll^ui Iklizo II^IUui 



For Jo 



To bound these terms, we will use the following anisotropic imbedding in [2J. For 2 < n < 6, 

1/2 



\U 



1/n 
n \ < 



(3.9) 



We will look at the most difficult terms to bound below. 



1/4 



< 



< 



\ 1/4 



1/2 



1/2 



.[JIM 



1/2 / /. \ 1/2 



(d'Vx 
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while, 



"^xxx {9^'Vxx^ 
< c{ I W 



{d^VxxY 



1/2 



< c ||w|| ui ll-yllL,. 



1/2 



For 73, 



{W^ V^cxx) {d^Vxxx) 

J [ i&'w^) v^^^ + ... (d^v^^^) ] {d^v^ 

'Vxxx ) 



1/2 



< C||w||^|,-| ll-U^o + ... +C||w||20 



< c\H\z^m\\v\\ yi- 



Lastly, for 74, 

"^xxx 



[ {&>W) Va;xxx + ■ ■ ■ +W i&'Va^xxx) ] i&'V:, 

The first term is handled below. If j = (0, 0), then 



— c 



2 

XXX 



< c\\w. 



x\\L°° 



< c||t(;||^i:/i ||^;||20, 



while, if \j\ > 0, then 

/(9'.„)»„(9'„„) 



< ||9^t(;||Loo(M2) 



1/2 



J i&'v^cxx)' 
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The last term in L is handled below 



^ ^11 1 1 (M-^ ) '^xxx I 



< c\\w\ 



< c\\w\ 



Ail- 



Consequently, we conclude 



dt / {cPVxxxf < C\\w\\ \j\ \ \v\ 



Next we take two y derivatives of (I3.8p . multiply by 2 (d^Vyy), and integrate over M^. There- 
fore, we have 



dt / {d^vyyf < c 



< c 



< c 



d^{wVx)yy {d^Vyy) 



[Wyy Vx+2Wy V^y + W V^yy) [dh'yy) 



d^iWyy Vx) {d^Vyy) 



+ c 



yyj 



+ c 



d^iwvxyy) (d^Vyy) 



<h + h + h. 



First, we look at Is, 



d^{WyyVx) {d^Vyy) 

[ (d^Wyy) ... +Wyy {8^ V ^) ] V yy) 

1/2 

{d^Vyyf 



< C\\Vx\\l'^{R2) / (d^Wyy) 



1/2 



1/2 / |. X 1/2 



< c\\v\\zo 11^11 IjI \ \v\\ y\ + . . . + C ||f II IjI 11^11^0 



< c||w|| 1,1 ||t;|| |,|. 
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For h, 



I 



[ {d^Wy) V^y+ ... +Wy V ^y) ] (O^Vyy) 

1/2 

{d^Vyyr 

1/2 



< c\\Wy\\Loo(TR2) / {d^V,:y) 



1/2 



+ ... +C \\d^Wy\\L^(M2) [ I Vly] [I (d^Vyy)' 

< C\\w\\^\^j\ \ \v\\zo\\v\\^\^j\ + ... +c\\w\\zo\\v\\zO 



1/2 



Lastly, for /y, 



{W Vxyy) i&'v. 



yyj 



[ {CPW) V^yy + ... +W i&V^yy) ] {8^ V yy) 



We will look at the first and last of these terms below. The rest of these terms are handled 
similarly. For the first term, if j = (0, 0), then we have 



{d^W) V^yy {&>Vyy) 



W Vxyy Vyy 



— c 



I 



W^vly 



< c\\w\\zo\\v\\^^y^, 



2 

yy 



while for \j\ > 0, 



< \\d'w\\Lo 



< IklUmll^'lUui- 



xyy 



1/2 



'"'''-'yy) 



1/2 



The last term for /y is bounded as follows. 



W (d^V^yy) (d^Vyy) 



Wx {d^Vyyf 



< C\\Wx\\l^(R2) J [d^Vyy) 
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Now apply one t derivative to (13.81) . multiply by 2 (d^Vt) and integrate over M^. We arrive at 
the following inequality, 



dt / (d^vt) < c 



< c 



+ c 



d' [w Vxt) (d^Vt) dx dt 



h + ho- 



For Jq, we have 



< c 



(d^wt) Vx (d^vt) + ... + c 
< c\\vx\\L°-(w?){^j {d^wtf^ 

+ . . . + \ \d^Vx\\L^{M.-^) I / {Wtf 



1/2 



(d'vt) 

1/2 



(d^vt)'' 



1/2 



< c||t;||^o ||w||^|j| ||f||^|j| + ... + c||t;||^|ji lliull^o 



< c||u;||^ui||t;||^|,|. 
Next we look at Iiq. If j = (0, 0), we have 









J WVxtVt 




J Wx v1 




< 1 


Wx\\l^{1 



< C I Iwl I ^1,1 I If 



If j 7^ (0, 0), we have 



j d'iwvxt) {(Pvt) 



{d'w) Vxt {d^vt) 



+ 



+ c 



w (d^Vxt) i&'vt) 



= /io(a) + . . . + /io(a). 
Now for /io(a), we use the following estimate 



{&w)vxt {d^vt) 



< c\\d^w\\Lo 



< C\\w\\^u\\\v 



-"xt 



1/2 



{d'vtf 



1/2 
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While for /10(a), we use the following estimate 



Therefore, for < t < t, we conclude that 



dt J [ {d^v{ ■,-,t)y + {d^v^^^i ■ , ■ , t)y + {d^vyyi ■ , ■ , t)y + {d^v,{ ■ , ■ , t)y ] 

Integrating with respect to t, we obtain 

< - , ■ , 0))||^(jjl+3,ljl+2)m2) + ■ , ■ , 0))||^|j|m2) + Ct IIwII^IjI 

t ^ t 

as desired. □ 



4 Uniqueness and Existence of a local solution 

In this section, we will prove that for G X^(M^) there exists a unique solution of (12.11) - 
(O in L°°([0, T] : X^(M2)), where the time T depends only 1 10| Uo(ir2)- First we prove 
uniqueness of solutions. 

Theorem 4.1 (Uniqueness). Let G X°(]R^) and < T < +00. Then there is at most 
one solution of (^-(0> ^" ^°°([0, T] : X°(R2)) with initial data u{x, y, 0) = 0(x, y). 

Proof. Assume that u, v e L°°([0, T] : X°(R2)) are two solutions of l^-l^) with 
Ut, Vt G L°°([0, T] : L^(R^)), so all integrations below are justified and with the same initial 
data, in fact, with {u — v){x, y, 0) = 0. Then 

{u - v)t + (m - v)^^^ + (m - v)^ + {uu^ -vv^) - d~^{u - v)yy = 0. (4.1) 

By (HI]), 

{u - v)t + {u- v)xxx + {u- v)x + {u-v)ux + {u- v)xV - d~'^{u - v)yy = 0. (4.2) 
Multiplying (14. 2 p by 2 (m — v) and integrating with respect to (x, y) over R^, 

2 j {u - v) {u - v)t + 2 j {u-v){u- v)^xx + 2 j {u-v){u- v)^ (4.3) 
+ 2 hu-vyu^ + 2 {u-v){u-v).^v -2 {u - v) d~^{u - v)yy = 0. 
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Integrating by parts each term in (14.31) we obtain 

dtj{u-vf = ~2 J{u-vyu^ + Jiu-vfv^ 

< c (||m^.||loo(ik2) + ||t;^.||ioo(]R2)) j{u-vf 

< c {\\u\\xO(R^) + \\v\\xo(R2)) [u - vf (4.4) 



Using Gronwall's inequality and the fact that {u — v) vanishes at t = 0, it follows that u = v. 
This proves the uniqueness of the solution. □ 

Now we consider existence of solutions to f l2.ip -( l2l2l) . Our plan is to show that for G 
X^(M^) there exists a solution u G L°°([0,T] : X^(R^)) for a time T depending only on 
1 101 1x0- In order to prove this we must first prove a preliminary result by introducing the 
following function space. Let 



r^(M2) = \u: u, Uyy, ^ue H^'iR^) )■ (4.5) 



with the accompanying norm 



\u\ 



yJV 



/ f + E 1 i9'u,..y + {d-'d^Uyyf + (d^Uyy)'] dxdy (4.6) 



where j = (ai, 02) and \j\ = ai + 0^2. We will begin by showing that, for G F^(]R^), there 
exists a solution u of (12. ip such that u G L°°{[0,T] : y^(M^)) for a time T depending only 
on ||0||yo. Then we will prove a differential inequality of the form 



5t(/ u'+ul^+{d^\yY^ < (1 



3/2 



to show that in fact the solution u obtained in Theorem 4.2 is in L°°([0, T']; X°(R^)) for 
a time T' depending only on 1 10| |xo(]r2)- With these ideas in mind we state our existence 
theorem. 

Theorem 4.2 (Existence). Let ko > and N be an integer > 0. Then there exists a time 
< T < +00 depending only on ko such that for all G F^(]R^) with ||0||yo(]K2) < ko there 
exists a solution of u e ([0, T] : Y^(M?)) such that u{x, y, 0) = 0(a;, y). 



The method of proof is as follows. As discussed in section 3, we begin by approximating 
(12. ip by the linear equation (13. ip . We construct the mapping 
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where the initial condition is given by u^'^\x, y, 0) = y) and the first approximation 
is given by u^'^\x,y,t) = y). Subsequent approximations are given by = n( 
for n > 1. Equation ( I3.ip is a linear equation which by Lemma 3.1 can be solved at each 
iteration. We show that the sequence of solutions {m^"-'} to our linear equation is bounded 
in L°°{[0,T]]Y^{M?)) for a time T depending only on ||0||yo. We then show that there 
is a subsequence of solutions to our approximate equations which converges to a solution 
u e L°°([0,T];F°(M2)) of (^^. Lastly, we show that if e ^^(M^) for N > 0, then our 
solution u G L°°{[0,T]; y^(M^)) where the time T depends only on ||(/)||yo. 

Proof. It suffices to prove this resuh for G n7v>o^^(^^) ^aTV^ e niv>o^^(^^)- 
We can then use the same approximation procedure as before to prove the result for general 
initial data. Let m^") be a solution of (14.51) with initial data u^'^\x,y, 0) = 4>{^^y) and where 
the first approximation is given by u^^\x,y,t) = (j){x,y). By Lemma 3.2, we know that 

||nW|||o < - , 0)||^(3,.)(K.) + ||«S"V, - , 0)||i.(«.) + ct||n("-i)|Uo ||n(")|||o. (4.7) 

Further, using the fact that ||0||yo < k^, we have 

lM")(-,-,0)||^(3,.)(i,.) + lkl"^(-,-,0)||i.(^.) 

= I \U^^\ ■ , ■ , 0)1 1^(3, 2)(]j2) 

+ |[4i(-,-,0)+4"^(-,-,0)-a-i<,)(-,-,0) + n("-i)(-,-,0)4"H-^ 

where C is independent of n. Define Cq = (^/eq + l) . Let Tq"^ be the maximum time such 
that IIm^^'^IUo < Co for < t < T(J"\ < j < n. That is 

T({") = sup{t G [0, To^"^] : \\u^^^\\zo < Cq for < j < n}. 

Therefore, 

||«(")|||o < |M'^H-,-,0)||^(3,.)(M.) + ||«S"^(-,-,0)||i.(j,.)+Ct|M"-l)H^ |M")|||o 

< Ckl + ctcl. (4.8) 
Claim: Tq"-* does not approach 0. 

On the contrary, assume that Tfi"^ 0. Since ||m("-'(-, -, t)||^o is continuous for t > 0, 

there exists r G [0, T] such that Cq = \\u^^\ ■ , ■ , r) | l^o for < r < Tq'^\ < j < n. Then, 
by (14. 8 p we have 

cl < C kl + cTt^l. (4.9) 
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As n — > oo, we have 

^kl + iy<Ckl =^ ^k', + l<0 (4.10) 

which is a contradiction. Consequently Tq"''' -/-^ 0. Choosing T = T(co) sufficiently small, and 
T not depending on n, one concludes that 



\u 



(")|||o<c for 0<t<T. (4.11) 



This show that Tq"^ > T. Hence from (14. lip we see that there exists a bounded sequence of 
solutions M^"-* E Z!p and therefore a subsequence m^"^^ = m*^") such that 



weakly in L°°([0, T] : H^^^^^R^)) 



ur ^ ut weakly in L°°([0, T] : /.^(M^)). 

Therefore, by Lions-Aubin's compactness theorem there is a subsequence m^^j) = such 
that u^"^ u strongly on L°°([0, T] : ^//^^(M^)). Now it remains to show that each term 
in (13. ip converges to its correct limit. First, u'xxx u^xx weakly on -L°°([0, T] : L^(M^)). 
Similarly uf'^ — ^ Ut and mI"'' — ^ Ux weak* in L°°([0, T] : L'^{E?)). Now we will show that 
the nonlinear term converges to its correct limit. First, 

^i(n-i) ^ Strongly in L~([0, T] : 
HlXM.^)). Moreover, ut'^^ ^ weakly in L°°([0, T] : L2(M2)). Therefore, 

^(n-i)^H A weakly in L°°([0, T] : ^^(M^)). 

Consequently, 

5x = + «il + 4") + 4") 

^ + Mxxx + + weakly in L°°([0, T] : L^(M^)). 

But, also note that 

u^yy ^ Uyy weakly in L°°([0, T] : ^^(M^)). 

Therefore 

•^^'^ra ^ ^x^^yy weakly in L~([0, T] : ^^(M^)) 

and consequently -u is a solution to (12.10 . Now, we prove that there exists a solution to (12.11) 
with u G L°°([0, T] : y^(M^)) for the time T chosen above. We already know that there is 
a solution u G L°°([0, T] : y°(R^)). Therefore, it suffices to show that the approximating 
sequence u*^"-' is bounded in and thus, by the convergence arguments above, our solution 
u IS m L~([0, T] : F^(M2)). Again, by Lemma 3.1, we know our linearized equation can 
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be solved in any interval of time in which the coefficients are defined. Therefore, for each 
iterate, ||M^"^||^iv is continuous in t G [0, T]. By Lemma 3.2, it follows that 

II" ll^iV ^11" y , , UJI |^(]V+3,JV+2)(R2) 

+ I 0)11^.(^2) + ct I Ik-^ll^iv. (4.13) 

On the other hand, as before and using ||0||yiv < k]y we obtain 

■ , ■ , 0)||^(jv+3,]v+2)(]g2) + ll^l \ - , ■ , 0)||^JV(]g2) < C k%, 

where is independent of n. Define cn = fc^ + l) . Let T^^ be the largest time that 



\u 



^^^WzN <cn ioTO<t< T^^\ 0<j<n. That is, 

T^'^) = sup{t G [0, T^"^] : H^^^'^IUf < Cn for < j < n}. 



Therefore, for < t < 



^""MIn <Ckl + ctc%. (4.14) 



Claim: does not approach 0. 

On the contrary, assume that T^^ 0. Since ||m*^"^(-, ■, t)||^iv is continuous for t > 0, 

there exists r G [0, T] such that cat = \ \u^^\ ■ , ■ , t)||2]v for < r < T^'', < j < n. Then, 
by (14.141) we have 

4<c4 + c4")4. (4.15) 

As n — > oo, we have 

-4 + 1 j <Ck% =^ ^4 + 1 <0 (4.16) 

which is a contradiction. Consequently T^'' -/->■ 0. Choosing T/v sufficiently small, and Tat 
not depending on n, one concludes that 

||u(")|||iv<c for 0<t<T^. (4.17) 

This show that T^'^ > T/y. Now, let 

= sup{t G [0, T*^]: ue }. 

We claim that > T and therefore, a time of existence can be chosen depending only on 
1 101 |yo. By Lemma 3.1 the linear equation (13.11) can be solved in any interval of time in which 
the coefficients are defined, and thus > T. □ 
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Now we want to improve our existence theorem. In particular, we want to show that the 
solution u e L^i[0, T] : F^(R2)) found in Theorem 4.2 is in L~([0, T'] : X^(M2)) for a 
time T' depending only on | \(f)\ |xo(r2)- In order to do so, we first prove a differential inequality. 



Lemma 4.3. Let u be the solution to our main equation m L°°([0, T] : ^^(M^)). Then 
for any <t <T, we have 



Uxxx) +{d^{dx Uyy)) ]\dxdy 



< c 



I {u'+ Y.iid'uxxxf + {d\d-\yy)f]\ dxdy 

-^K' V \j\<N 1 



3/2 



(4.18) 



Proof. We use a priori estimates on smooth solutions u. Multiplying (12. ip by u and inte- 
grating over M^, it is straightforward to see that the L^(M^)-norm is conserved. Therefore, 
we only need to show that 



dt I Y.i(9^^xxxr+{d\d-\y)f 




3/2 

j2[id^^xxxr+id^id-\y)f 

\j\<N 

We consider the case j = (0, 0). The case j ^ (0, 0) is handled in a similar way. 
Applying d\ to (12. ip we obtain 

Uxxxt ~\~ Uxxxxxx ~l~ Uxxxx ~l~ {uUx^xxx Uxxyy 0. 

Multiplying (I4.20p by 2 Uxxx and integrating over we obtain 

2 / Uxxx Uxxxt ~l~ 2 / Uxxx Uxxxxxx ~l~ 2 / Uxxx Uxxxx 



-\- 2, I Uxxx i^U Ux^xxx 2 j Uxxx Uxxyy 0. 



Using in (I4.2ip straightforward integration by parts, we obtain 



dt I u^^^ = - 2 u 



xxx (U Ux jxxx 



-2 [3ul^ + AuxUx 



u u 



Ur, 



7 I UxU^^^ < 7\\ux\\l- 



u^ 



< C\ I \ UI + Ul^^+Uly' 



1/2 



< c(^l[u' + ul,, + {d-\l)']^ ' . 



(4.19) 



(4.20) 



(4.21) 
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In a similar way, but now apply ^dy to (12. ip instead of and multiply by 2 ^Uyy instead 
of 2 u^^^ we get 



Uyy u + ul]{d^^ Uyy) 



< c ju, (d-^u >2 



"yyj 



yyj 



< c\ \u 



x\\L° 



"yyj 



< c\\Ux\ 



2 I „.2 



1/2 



1/2 



(9;'"!,!,)' + 1 IIK + <y + (9; «») 111/ (9; «»)■ 

3/2 



1/2 



The lemma follows. 



□ 



Corollary 4.4. Let u he the solution to (12.11) with initial data G y''^(]R^). Denote by 
< T < +00 the life span of this solution in y^(R^). Then there exists < T' < T, de- 
pending only on the norm of (f) e X^(R^) such that u E L°°([0, T'] : X^(]R2)). 



Proof. Let 



hit) 



[ E [(^'«--)' + id^id-\y)f]] dxdy 



\u\ 



XN- 



Using (14.181) we have h'{t) < c [/i(t)]^/^. Integrating this inequality with respect to t, we 
obtain that < c/{h{0)-^/'^ - t) and therefore, we get a lower bound on the time of 

existence of h{t) depending only on h{0). □ 

Corollary 4.5. Let (j) G X^(M^) for some N > and let be a sequence converging 
to (j) in X^(]R^). Let u and m^"-* be the corresponding unique solutions, given by Theorems 
4-1 and 4.2 and Corollary 4.4, in L°°([0, T] : X^(R^)) for a time T depending only on 
sup„ ||0(")||xo(R2). Then 



u 



in) 



u weakly in L°°([0, T] : X^(M2)). (4.22) 

Proof. By assumption u G L°°([0, T] : then there exists a weak* convergent 

subsequence, still denoted u*^") such that 



u 



(n) 



u weakly in L~([0, T] : ^^(M^)) ^ L°°([o, T] : H\R^)). 

Moreover, by equation ([2l]), G L~([0, T] : X^(M2)) implies mJ"^ G i:~([0, T] : ^^(M^)). 
By The Lions-Aubin compactness theorem. 



u 



in) 



U 



Strongly in L°°([0, T] : H]i^{R^)). 
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Now we just need to show that each term in fl2.ip converges to its correct hmit, and ut 
for u e L~([0, T] : ^^(M^)). 

The only thing we need to show is that the nonhnear term converges to its correct hmit, 
namely that u^") wi"^ uu^. We know that ut^ ^ weakly in L~([0, T] : H^{^^)) 
and M*-"-* u strongly in L°°([0, T] : H^'^iM?')). Therefore, their product converges in 
L2([0, T] : L1„^(M2)). Clearly, the linear terms also converge in ^^([0, T] : L\^^{^^)) and 
therefore, we conclude that ■u|"'' Ut in i^^([0, T] : L]^J^)). The proof follows. □ 



5 Estimate of error terms 

In this section we prove the main estimates used in our gain of regularity theorem. 

Theorem 5.1 Let L > 2. For u a solution of (2.1), sufficiently smooth and with suffi- 
cient decay at infinity, 

sup / Ud'^uf + r [ g^{d^u^f < C (5.1) 

0<t<T J Jo J 

for L + 1 < \a\ < 2L - 1, 2L - \a\ - a2 > 1, where /„ G Wa,2L-~\a\-a2,\a\~L, Qa e 
W^^2L-\a\-a2-i,\a\-L and C dcpcnds only on \ \u\\x^ and 

sup / f.id^uf (5.2) 
£ I g.id^u.)' (5.3) 

where 7 = (71,72) G Z+ x Z+, I7I < \a\ -1, f^ E W„^2L-\-i\-^2H~l, 9^ e W„^2L-\-^\-^2-i,\i\-l 
for I7I >L,2L- I7I - 72 > 1 and f^ e 1^0,71,0,^7 ^ ^^-^,71-1,0 for < I7I < L. 



The idea of the proof is the following. For a given a satisfying the hypotheses above, 
we choose a weight function fa ~ ^2L-\a\~a2 a; > 1 and ~ i\a\-L^ax ^ ^ _]^^ 
Then with this choice of weight function, we apply the operator 9" to fl2.ll) . multiply by 
fad'^u and integrate over to obtain the main equality stated in (12.31) . In this theorem, we 
bound the last three terms on the left-hand side of (12.31) by terms of the form (15.21) and (15. 3p . 

Proof. For each a we apply the operator 9" to (2.1), multiply our differentiated equation 
by 2fa{d°'u) where we take 

fa{x,t) = ga{z,t)dz foT ga eW„^2L-\a\-a2-l,\a\-L, (5.4) 

J — oo 

and integrate over x [0, t] for < t < T. As stated in Lemma 2.1, we arrive at our main 
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equality 



Using (1.5) and /(■, 0) = we get the following identity after integrating with respect to t, 



Ud^u 

T 





3 / {UU&'u 



x) 



< 1^ j{uud"d-\y + cj^ I ud-uy + 2 





(5.5) 



We notice that the first term on the right-hand side of (15.51) can be written as 




'0 J Jo 




(5.6) 



for some G Wo-,2L-|7|-72-i,|7|-L where 7 = (ai — 2,0:2 + 1). Further, we notice that 
2L — I7I — 72 > 1 and ai > 2 since 2L — |a| — 02 > 1 and L + 1 < Therefore, (15. 6p is of 
the form specified by (15. 3p . Therefore, 



<C + C £ j Wuy + 2 £ J Ud"u)d°{uu, 
where C depends only on terms of the form (15.31) . We now need to estimate the term 



(5.7) 




Each term is of the form 




where ri + si = Oi, r2 + S2 = 02- Below we consider all terms of level |a| 
The case Isl = lal. In this case, Irl = 0, and we have 





c 



i-T 




'0 
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The case |s| = |a| — 1. In this case, |r| = 1 giving us the following two subcases: 
(a) The subcase r = (1,0). In this case, we have 





< C||m| 




a„.\2 



(b) The subcase r = (0, 1). We note that this case will only occur if a2 > 1. In this 
case, we have 





< C\\u\ 





1/2 



Since fa ~ x as x ^ oo, it is clear that fa < C fa^+i,a2-i 

The case \s\ = \a\ — 2. We have three subcases to consider, 
(a) The subcase r = (2,0). In this case, we have 




faid''u)id''u)id'u. 



r-T 




fa{d''u)u,,{d:'-'d^'u,) 



< C\\u^^\\l' 

< C\\u 



T r \ 1/2 




faid'^u) 



1/2 




1/2 / 




faid^^^'d^-uf 



1/2 



The last term on the right-hand side above is of order |a;| — 1 > L. The weight function 
fa £ Wa-^2L-\a\-a2,\a\-L- Siucc 2L — \a\ — a2 < 2L — (o^i — 1 + 0:2) — 02, wc scc that this term 
is bounded by a term of the form (15.21) . 

(b) The subcase r = (1, 1). In this case, we have 




fa{d"u){d'u){d'u. 




fa{d''u)u,y{d:^-'d'^'-'u 



< C\\U^y\\L 

< C\\u 




1X1 




faid'-uf 
faid'^U 



1/2 / 



rT r \ 1/2 / /.T 



rp . 1 /■ 

I J fa{d:^d-^-'u 



1/2 



Using the fact that fa € Wa,2L-\a\-a2,\a\-L and 2L — \a \ — a2 < 2L — (ai + a2 — I) — (0:2 — 1), 
we conclude that the last term is bounded by a term of the form (15.21) . 
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(c) The subcase r = (0,2). In this case, we have 



T 



< 



1/2 / ,T 



Ud^u 

T 



U. 



yy 



1/4 



1/4 



Now 



Further, 



T 



U 



yy 



1/4 



< c 



+ Ulyy + ^Uyyyf\ <C\\U 



1/2 



1/4 



< c 



1/2 



Now the first and third terms in the integrand are of order |a| — 1 and are clearly bounded 
by terms of the form (15. 2p . The second term in the integrand is of order \a\. It will be 
bounded using Gronwall's inequality (and using the fact that the order of the y derivative 
is less than a2 and therefore this terms can handle an even greater power of x.) 

The case |s| = |q;| — 3. In this case |r| = 3. First, we consider the case in which L > 4. 
Since lal > L + 1, we note that Isl + 2 = lal — 1 > L. Using this fact, we bound as follows. 



< 



T r \ 1/2 

i«„.\2 



T r \ 1/4 

i»'„.n4 



X 



T 



1/4 



Now 



1/4 



< C 



1/2 



Since |r| = 3, each of these terms is at most of order 4 < L < |q;| — 1, and, therefore, bounded 
by terms of the form (15. 2p . Similarly, 



T 



1/4 



< c 



1/2 



(5.^ 



We notice that the last two terms on the right-hand side of (15.81) are of order |s| + 2 
|a| — 1 > L. In order to verify that we have the correct power of x, we note that 

2L - |a| -a2<2L- (|s| + 2) - (ss + 1) 
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since |s| = |a| — 3. Therefore, we can conclude that each of those terms is bounded by a 
term of the form (15.21) . Finally, we look at the first term on the right-hand side of (15. 8p . If 
|s| + 1 > L, then this term is bounded by (15. 2p as the other two terms. If |s| + 1 < L, then 
using the fact that |s| + 2 > L, we conclude that \s\ = L — 2, and, therefore, 

2L - \a\ - aa < 2L - (|s| + 2) - (s2 + 1) 

<Si + l 

Therefore, we conclude that the first term above is bounded by a term of the form (15. 2p of 
order |s| + 1 < L. 

We now look at the cases when L = 2 or L = 3. In either case, if |a| > 5, then we can 
handle as above. We first consider the case when |a| = 4 (L = 2 or L = 3). In this case, 
using the fact that |r| = 3 and |s| = 1, we have 



/ T 

<c\\d'u,\\L^ n j 



< C||m| 



1/2 



1/2 



(r„.\'i 



,r„.\2 



Since |r| = 3 = |a| — 1 and 2L — \a\ — 0^2 < 2L — |r| — r2, we see that the last term above is 
bounded by a term of the form (15.21) . 



Last, we consider \a\ 



3. In this case, we must have L = 2, r 



3 and s 



0. 



Therefore, r = a. We bound as follows: 



Ud^uWuWu, 



< C| |n| 



T 



Ud^uf 



The case |s| < \a\ — 4. We consider the sei A = {x : x > 1}. The set A_i = {x < —1} can 
be handled similarly. We have 



J A 



where = and z/^ = 

M = - 



T r \ 1/2 



J A 



First, we must verify that M > 0. We see that 

a\ — L 



|«|-L-(|s| + 3-L)+-(|r|-L) 



+ 



> 



\a\ 



|r| -3 + L 



L-3 



> 
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as long as L > 3. By assumption, L > 2. If L = 2, then \a\ = 3. In that case, we cannot 
have |s| < |a| — 4. Therefore, we conclude that M > 0. Further, 



1/2 



Each of those terms is of order at most |a| — 1, and therefore, bounded by terms of the form 
(15. 2p . Further, 2L — \a\ — a2 < 2L — \r\ — r2- Therefore, for |r| < |a| — 1, the last term 
above is bounded by terms of the form fl5.2p . In the case that |r| = we have |s| = 0, and 
therefore 



Ud^uWuWu., 



< C\\u.A\lo 



< C\\u\ 



Combining our estimates above on 



Ud'^uWuWu, 



with (15. 7p . we see that 

Ud^uf + j ifa).id-u,f <C + C Yl 



l7l = !. 
2L-|7|-72>1 



(5.9) 



where the constant C depends only on terms of the form (15. 2p and (15.30 . 

Using the above estimate for all derivatives 7 of order |a| such that 2L — — 72 > 1, 
we see that 



7l = |a| 

2L-|7|-72>1 



< 



(5.10) 



7| = |Q] 

2L-|7|-72>1 



where C depends only on terms of the form (15.20 and (15. 3p . Applying Gronwall's inequality, 
we get the desired estimate. □ 



6 Persistence Theorem 

In section four we proved the existence of a solution u to (12. ip in L°°([0, T]; X^(]R^)) for 
given initial data G X^(M^). In this section, we prove that if, in addition, our initial data 
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lies in the weighted space H^{Wo k o) for some K > 0, then the solution u also lies in 

L°°{[(},T];H^{WoKo))- This property is known "persistence" property of the initial 
data. This property provides a basis for starting the induction in our Gain of Regularity 
theorem in Section 7. 

Theorem 6.1 Suppose u e L°°([0,T] : ^^(M^)) with initial data (t){x,y) e X^{^^) such 
that also lies in H^{Wqkq) for some integer K >Q. Then 

u e L~([0,r] : X\^^)nH^{WoKo)) 

and ^ 

sup / fa.i&'uf + [ [ ga.id^'u,)' dt < C 

0<t<T J Jo J 

for \a\ < K , ai ^ 0, where fa^ G W^a^ o o-rid g^^ G 1^0-0^-10 for a > arbitrary and C 
depends only on T and the norm of (p & X^{M?) fl H^{Wo k o)- 

Proof. We use induction on j = \a\ for 1 < j < K . The case that J = follows 
from conservation of norm. We derive formally some a priori estimates for the solution 
where the bound involves only the norms of w G L°°([0, T] : X^(M^)) and the norms of 
G H^(Wqko)- Then, we can apply convergence arguments to show that the result holds 
true for general solutions. In order to do so, we need to approximate general solutions 
u G X^{M?) by smooth solutions and approximate general weight functions / G VTojo by 
smooth, bounded weight functions. The first of these procedures has already been discussed, 
so we will concentrate on the second. 

For a fixed i, we begin by taking a sequence of bounded weight functions gi^s which decay 
as |x| — s> 00 and which approximate gi G Wai-io with a > from below, uniformly on any 
half-line (— oo,c). Define the weight functions 



fi,s{x,t) = 1 + / gi,s{^:t)dz. 
J —00 

Therefore, the functions fi^^ are bounded weight functions approximating /j G VFo,i,o from 
below, uniformly on compact sets. 

^Prom (5.3) and using the fact that dt{fi,s) < cfi^s and dx{fi,s) < cfi^s, we have 

f-r I- rT 



j fiAd^uf + J UiMd'^^^cf dt< ifiMd'^d^V dt 
^'^lo I + 2 J fi,s{d"u)d^{uu,)dt . 

The case j — !• 

(a) The subcase a = (1,0). Defining gi^s and fi^s as above, we see that fi^s will 
approximate fi G Wo 1 from below. Differentiating (2.1) in the x— variable, multiplying by 
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2fi^s and integrating over R^, we have 



dt j fi,sul + 3 y ifi,s)xU, 



2 

XX 



<C / ul + C / h,sul + 2 



Moreover 



{fi,s)xul+ [dtfi^s + dlfi^s + d^fi,s]ul-2 / fi,su^{uu^) 



fl,SUx[ul + UUxx] 
xxl 

{fl,Su)xUl 

< c(||m||loo + IIm^II^cx,) j fi^sul 
<C\\u\\xo I h,sul. 



(6.1) 



Combining this estimate with (16.11) . we conclude that for < t < T, 




T r rT 




'0 




'0 



Applying Gronwall's inequality, we conclude that 



sup / fi^sul + 3 / ifi,s)xul^ < C 

0<t<T J Jo J 



where C does not depend on 6 but only on T and the norm of G X^(R2) fl HKWqiq). 
Taking the limit as 5 ^ oo, we conclude that 



sup / + 3 

0<t<T J JO 




(6.2) 



as claimed. 



(b) The subcase a = (0, 1). Here, our weight function fo G Wqoo- Differentiating (2.1) 
in the variable, multiplying by 2fo,&Uy and integrating over R^, we have 

2 / fo,5UyUyt + 2 fo,SUyUxxxy -2 fo,5Uyd~^Uyyy + 2 fo,sUyUxy + 2 fo,SUyiuUx)y = 0. 
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Integrating each term by parts gets 



"xy 



fo,5Uy{uUx) 



(6.3) 



< C / id;\yy + C / fo,sul + 2 



k,5Uy{uU 



xjy 



Moreover, 



k,5Uy{uu^) 



k,5Uy{UyUx + UU^y) 



<C||m^||loo / fQ^sUy + C\\u\\l^ I {h,s)xU. 



< C||m||xo j fo,5ul- 
Combining this estimate with (16.31) . we conclude that for < t < T, 

/0,,(-,t)4 + 3^^y"(/0,5).<< I f0A;0)<Pl + C £ jid-'Uyyr+C 

Applying Gronwall's inequality, we conclude that 

sup / fo,5ul + 3 / / {fo,6)xUly < C 




(6.4) 



0<t<T 



where C does not depend on 6, but only on T and the norm of G X°(R^) fl Hl(Woio). 
Passing to the limit, we conclude that 

sup / foul + 3 / gouly < C. (6.5) 



0<t<T 



The case j = 2. 

(a) The subcase a = (2,0). In this case, f2,s will approximate /2 € Wo2o- In a similar 
way as above, we have 



2 / f2,SUxxUxxt + 2 / /2 .SUxxUxxxxx ^ I j2,SUxxU 



i-xyy 



+ 2//,,«..,.„ + 2//,,„,..(,.„,J.. = 0. 
Integrating each term by parts gets 

^^xxx 

= C j {f2,s)xUly + j [dtf2,5 + "9^/2,5 + dxf2,6Wxx ~ j hs^xxiuUa 



< I f2,5uly + C I f2,5ul, + 2 



f2,5Uxx{uUa 
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Moreover 



Therefore, 



f2,5Uxx{uUx)xx = I f2,SUxx[^UxUxx + UU:, 

< c||Ma:|U- J f2,5ul^ + ^ \ if2,Su) 

< c{\\u\\loo + \\Ux\\loo) J f2, 

< C\\u\\xo J /2,5'WL- 



x'^xxx — 

+ C J f2,5ul^, 



where C depends only on the norm of e We will combine this estimate with the 

estimate below. 

(b) The subcase a = (1, 1) Applying d^dy to (2.1), multiplying by 2fi^sUxy where fi^s 
approximates /i e Wq i o, and integrating over R^, we have 

2 j fl,SUxyUxyt ~l~ 2 j fl^iUxy^xxxxy 2 j fl^sUxyUyyy 
+ 2 y" fl,SUxyUxxy + ^ ^ h,S'^xy{uUx)xy = 0. 

Integrating each term by parts gets 

dt J fl,5uly + 3 J {h,5)xulxy 

= j{h,s)xUly + J[dtfl,S + dlfi^s + dxfl,s]uly -2 J fl,5Uxy{uUx)xy 



< J {fl,s)xUly + cj fl,suly + 2 y" fl,SUxy{uUx)xy 



Moreover, 



fl,SUxy{uUx) 



xy 



fljSlJ'xyi^UxUxy ~l~ U'xxU'y ~l~ U'U'xxy^ 
< C{\\Ux\\l°° + \\u\\l'^) j fl,Suly+ J fl,SUxxUxyUy 
<C\\u\\xo J fi,suly + C\\Uy\\L'^{J fl,sulx + J h,5uly) 
<C\\u\\xo j fi,5uly + C\\u\\x^ j fl,s{ulx + uly) 
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since 



2,2 I 2 

Uy + U^^y + Uyy 



1/2 



< ll^llxi- 



Therefore, 



dt J fi,suly + 3 J ih,shuly < J ih,s).uly + cj f,,sul + cj f,,su 



2 

xy 



(c) The subcase a = (0,2). Applying dy to (2.1), multiplying by Uyy and integrating 
over M^, we have 



'^yy'^xxxyy 2 j Uyyd^ '^yyyy 



2 J UyyUyyt + ^ ^ 

~l~ 2 j Uyyllxyy ~\~ 2 Uyy(uUx}yy 

Integrating by parts gets 



dt I ui. < 2 



yy — 



Uyy\UUx)yy 



Now 



/ 



yy 



<||m|U0 J Uly + C\\u\\xi Jiuly+Uly). 

Now combining these estimates from (a), (b) and (c) above, we have 



/(/. 



a, / (/2 ,S'^xx + fhSU^y + Uyy 



)+^J [if2,s)xUlxx + ifl,s) x'^xxy] 



<C j ihs + hsWxx + Cj {{f2,s)x + /m + !)< + / iih,s)x + iHy, 

where C depends only on the norm of G X^(]R^). Since f2^s approximates /2 G W020 
and fi^s approximates /i G Wq 1 0, we can choose f2,s, fi,s such that {f2,6)x < Cfi^s, etc. 
Therefore, 

dt J {f2,sulx + h,suly + uly) + 3 J [{f2,s)xulxx + ifi,s)xulxy] 
< C J{f2,sulx + fi,suly + uly). 
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Integrating with respect to we have 

J (/2,5(-, t)ul^ + t)uly + uly) + ^ J [ih5)xUl^^ + {fl,s)xUl^y\ 

Further, integrating by parts and using the fact that /i approximates fi^s ~ a; for a; > 1, we 
note that 

J Mly <c j Ml + cj <^ly. 

Therefore, by Gronwall's inequahty 

sup /(/2,5(-, t)ul^ + t)ul + u\ ) + 3 / I [(/2,6)x«Lx + (/l,<5)c.«LJ < ^ 

0<t<T J Jo J 



where C does not depend on 5 but only on T and the norm of G X^(M^) n H^{Wq2o)- 
Consequently, we can pass to the limit and conclude that 

sup / (/2(-, t)ul^ + hi; t)uly + uly) + 3 [ [ [<72wL. + ^i«LJ < C 

Q<t<T J Jo J 



The case j = 3. 

(a) The subcase a = (3, 0). We choose our weight functions such that f^^s approximates 
/s e Wo 3 0- Applying to (2.1), multiplying by fz,5Uxxx and integrating over M^, we have 

2 j f'i,5'^xxx'^xxxt ~l~ 2 j f^^jUxxx'^xxxxxx 2 j fz,5'^xxx'^xxyy 
~l~ 2 j fs^S'^xxx'^xxxx ~l~ 2 ^ fSjS'^xxxi'^'^x) xxx — 0- 

Integrating by parts gets 

dt J h,Sulxx + 3 J if3,s)xUlxxx 

= J {f3,s)xUlxy + J [dth,6 + ^xh.S + dxhA'^lxx - 2 y" h,8Uxxx{uUx)xxx 
< j {h,5)xUlxy + cj h,5ulxx + 2 y" h,SUxxx{uUx)xx 
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Moreover 



xxxx 



< 3 


f f 2 

/ j3,SU^^Uxxx 


+ 4 


< 3 


If 2 

/ J3,6'^xx^xxx 


+ c| 


< 3 


J f^jS'^xx'^xxx 


+ c| 



h,5UxU 



2 

XXX 



+ 



^XXX 



h,5UUxxxU. 

{h,&u)xU 



2 



/ 



i,S'^lxx 



+ C[\\u\\ LOO (M.2) + 



2 



< c 



Ux\\loo{R2)) J f3,SU] 

\\xO{R2) J h,&1^lxx- 



+ c \u 



Now we estimate the first term on the right-hand side. 
Case: x>l. Let Ai = {a; G M : a; > 1} x M C M^. 



/ 



f3,Sulx'^xxx 



c 



I if3,s) 



x"'xx 



<C\\u 



i) / {f3,5)xUl 
JAi 



XX 1 1 {A 



1/2 

<c( / + ""Lxx + J / A.^-"^ 



< e / + ^^Lxx + '^Ixy) +C { I f2,5ul^ ) ■ 



Now the terms involving u^x have been bounded by the previous step in the induction. 
Therefore, we conclude that 



J Ai 



S'^xx'^xxx 



<C + e (ul^xx + ulxy)- 

JAi 



xxxx ' xxyJ 



Case: x < -1. Let A_i = {x e R : x < -1} x R C R^. We use the fact that f^^s ~ c to 
show 



f3,Sul^U^ 



< C 



< c 



< C 



'^xx'^xxx 



1/2 



1/2 



/ ' 



2,2 I 2 - 
XX ' XXX ' xyj 



/ 

JA-i 



1/2 



< c\\u\ 



XO. 
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Combining these estimates for the subcase a — (3, 0), yields 

< f hA-^^)€xx + C+ f f {f3,5)xuly + c f [ hsul, + e f [ 

J Jo J Jo J Jo J A 

< J hA-^^Wxxx + C + fj {h,5)xUl,y + C j'j h,sU 



xxxx 



t r rt 

2 




xxxx 



Therefore, 

/3,6(-,^)«Lx + 3 



2 I Q / I f f A „.2 

xxxx 



2 

XXX 



j {h,5)xU. 

< j hA:^)<Plxx + C + {h,5)xUl,y + C j^J fs,sU 

< J hA-.mlxx + C + C fj hsuLy + cJ^ J /sX..- 

(b) The subcase a — (2, 1). In this case, we take f2,s approximating /2 G Wo2o- Apply 
d^dy to (2.1), multiply by f2,sUxxy a-nd integrating over R^, we have 



9t / f2,sulxy + 3 / {f2,s)xU 



,<J xxy ' I yJ^,"/-'- xxxy 

< J {f2,s)xUlyy + J f2,Sulxy + 2 



f2,5Uxxy{uUx) 



xyy 



Now 



J" f2,S'^xxyi'^'^x^ xxy f2,SUxxy['^'^xy'^xx ~l~ '^UxUxxy ~l~ Uytlxxx ~l~ ^^xxxy] 

< y f2,SUxxyUxyUxx + J f2,SUxxyUyUxxx + C\\u\\xo J f2,Sulxy 

The second term on the right-hand side satisfies 

J f2,SUxxyUyUxxx < C\\Uy\\L^ j f2A'^lxx + '^lxy) 

t^^XXX ,S^xxy)' 

For the first term on the right-hand side, we consider two cases. First, for Ai, 

f2,SUxxyUxyUxx < \ \Uxy\\L°°{Ai) (^J^ f2,Sul^^ (^J^ f2,Sul^ 



~ ^ \Ja ~^ ^^^^y ~^ ^^yy ) f2,5'^xxy 
<C + e J {hAxulxxy + C J fi,sulyy + C J f2,su 



2 

xxy 
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Then for 



f2,5'^xxy'^xy'^x 



I 



'^xxy'^xy^xx 



< c 

< c 



I 

/ 



^xy^xxx 



U 



xy 



1/2 



1/2 



"^xy + "^xxy + ''^yy ) I / "^xxx 



1/2 



Combining these estimates and integrating with respect to t, we have 



/ f2A; tKxy + (hs)xUl.y <C + J 0)€xy + j if2,s)xU: 



2 

xxxy 



+ I [ f2,Sul,y + C [ [ h,, 

J Jo J 



su. 



xyy 



Therefore, 



/ /2,5(-,^)«L. + 3^ Jif2,s)xUl,xy<C + J /2,5(-,0)C + ^ / /v«L. + C^ / 



f ^ 



(c) The subcase a = (1,2). We take our weight function fi^s approximating /i e PFo i o- 
Applying dxdy to (2.1), multiplying by fi^sUxyy and integrating over R^, we get 



I ^ xxyy 



% J fl,Sulyy + 3 J {fl,s): 

{fl,s)xUlyy + J fl,Sulyy + 2 



fl,SUxyy{uUx) 



xyy 



Now 



J" fl,S'^xyyi^'^'^x) xyy 2 j fi gUxyyi^Uxy ~^ '^'^x'^xyy ~l~ "^yyUxx ~l~ '^'^y'^xxy ~l~ "^"^xxyy^ 

The first term on the right-hand side satisfies 

J hsUxyyUly = C j h,5{^ly)y = 0' 

since {fi,s)y — 0. Integrating by parts, it is clear that the second and fifth terms on the 
right-hand side are bounded by 

C\\u\\xo J h 
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The fourth term on the right-hand side is bounded by 

C\\Uy\\L^ fl,5ulyy + J fl,Sul^y^ . 

For the third-term on the right-hand side, we consider the cases when x > 1 and x < —1 
separately. First, for a; > 1, we have 

1/2 / /. ^ \ 1/2 

XX 



/ fl,SUxyyUyyUxx < \\Uyy\\L'^{Ai) [ / fl,Sulyy] ( / fl,5U 
JAi \JAi J \J Ax 



<C + e u^^yy + C / fi,&u^yy + C u. 

'Ai JAi JAi 



where we have used the fact that J fi,su^x bounded on the previous step of the induction. 
We will bound the e term back on the left-hand side. For x < — 1, we have 



/ fljS'^xyy'^yy'^xx ~ / Xlx<—l]'^yy'^xxx 
JA-i J 



1/2 / /• \ 1/2 

'^yy I 
A_i / 

<C Uly + Ulyy + {d'^Uyy^ 

JA-1 

< C 

where C depends only on the norm of m £ X^(M^). Combining these estimates and integrat- 
ing with respect to t, we have 



flA-^t)ulyy + ^ I I {fl,5)xUl^yy < I /l,<5(-, 0)0^^^ + C / / fl,sulyy + C I I u\yy. 



(d) The subcase a — (0,3). In this case we apply d't to (2.1), multiply by Uyyy and 



integrate over R . We have 



l<yy<l 



<yy + 2 



^yyy (^^x) 



yyy 



Now 



/ 



'^yyyy'^'^xjyyy 



'^yyyi.'^x'^yyy ~t~ ^'^yy'^xy ~t~ ^'^y'^xyy ~t~ "^"^xyyy) 



Integrating by parts as necessary, we see that the first and fourth terms on the right-hand 
side are bounded by 



\u\\xo / u. 



yyy 
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The second term on the right-hand side is bounded by 



1/4 / ^ \ 1/4 / r \ 1/2 

yy] \ I '^^y] [ ^yyy 



( [ . \" 

\\ '^yyy J 



1/2 / N 1/2 / ^ ^ 1/2 

yy I \ ^^'yyy 



< C u 



|Xi(M2) 



<C + C lu^yy. 



The third term on the right-hand side is bounded by 



1/2 X ^ >^ 1/2 

C\\Uy\\LOO ( / Ui.yy 1 / Ulyy 



1/2 / /• \ 1/2 / ^ ^ 1/2 

2 \ / / „.2 \ / / „.2 



< C I I Uy+ U^^y + Uyy\ ^ U^yy ] ^ / Uyyy 



< C\\U\\1^ / ulyy 



1/2 



<C+Cjulyy. 

Combining the estimates above and integrating with respect to t, we have 



J '^yyy - J 



'^Ivv ^ / ^lyy + C + C / Uyyy 




.2 



where C depends only on the norm of in X^(]R^). 

Combining the estimates above for (a), (b), (c) and (d) and applying Gronwall's inequal- 
ity, we conclude that 

sup / {h,6ul^^ + f2,sul + fi,sul + ul ) 

0<t<T J 

+ 3 ^ / ^^^^'^^'^'^'^^^^ {hs)xUlxxy + {h,s)xUlxyy) < ^ 

where C does not depend on 5, but only on T and the norm of e X^(R^) fl H^{Wo3o)- 
Consequently, we can pass to the limit and conclude that 



sup / (/a^Lx + f2ulxy + h^lyy + ul ) + 3 / {gsul^^^ + g2ul + giul^^J < C. 

0<t<T J Jo J 

The case: j > A. 



xxyyJ 
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In this case, we take fai,s approximating f^^ G VFoai o- We apply 9" to (2.1), multiply 
by /qi,5<9"m and integrate over M^. We need to get a bound on 



In Lemma 6.2 below, we prove that 



(6.6) 



7l+72=i 



where C depends only on terms bounded in the previous step of the induction. Consequently, 
we have that 



sup T faUd'^uf +T [ [ ifausUd'^n^y < C 



(6.7) 



where C does not depend on 6, but only on T and the norm of G X^(]R^) fl Hi{Wojo). 
Passing to the limit, we get the desired estimate, namely, 



sup V UAd'^uY + V r / ga^d'^u^Y < 

0<t<T,^-^. , Jo J 



(6.8) 



□ 

Theorem 6.2 Let f^^ s approximate fa^ G Woai o- L^t j = 1^1; 4: ^ j ^ K . The following 
inequality holds: 



(6.9) 



|7|=J 



for <t <T where C depends only on 

sup / f^^^sid'^uf 



0<t<T 



(6.10) 
(6.11) 



/or 7= (71, 72) GZ+XZ+, I7I < J - L 

Proof. In order to get bounds on the left-hand side of (16. 9p . we use the fact that every 
term in the integrand is of the form 



faAd''uWu){d'u, 



(6.12) 



where + = a^. Before showing the bounds on each of the terms in the integrand we 
point one bound we will be using frequently: 



1/2 



(6.13) 
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The case |s| = j. In this case, |r| = and s — a. Therefore, 



<C\\u\\xO j fauSid^u) 



The case |s| = j — 1. Therefore, |r| = 1. We have two subcases below: 
(a) The subcase r = (1, 0). In this case. 



(b) The subcase r = (0, 1). In this case, 

<C\\Uy\\L^ fa^Ad'-uf^ ' [j fa,AdT^'d^'-'uf 



< C\\u\ 



I UAd^uf + j fa+iAdT-''''''-'u)' 



The case \s\ = j — 2. We consider three subcases below: 
(a) The subcase r — (2, 0). In this case 



Now 



For a; < — 1, we use the fact that 



'XX ^ 



^xx X <C 1 . 



\Uxx\ < C (^ j^ {ul^ + U 

<C\\u\\x^. 



1/2 



For X > 1, we use the fact that 



fl,SUxx — {fi,su)xx — {fi,s)xxU — "^iflAx^x 

= {fl,Su)xx - {flAxxU - 2{{fiAxU)x + '^{h,s)xxU. 
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Therefore, 



\\fl,SUxx\\Loo < \\{fl,Su)xx\\L'^ + C\\{{fi^s)xU)x\\L°<' + C\\{fi^s)xxU\\L'^ 

1/2 



1/2 

\2 



<c^iiMxxrH(MxxxxrH(M^^^^ 

+ C(^j mi,s)xU)xY + mi,s)xU)xxxY + mi,s)xU)xy) 

<C + clu^ + ul + n,sul + .L. + hsulxxx + < + U% + f,su^ 



1/2 

\2 



2 



l7l<i 

(b) The subcase r = (1, 1). Then 



faus{d''u){d'u){d^Ux) = J UAd"^)uxy{d:'d'^-^-^u) 



1/2 / /• \ 1/2 

iQ„a2 " 



ItI<j' 



where C depends only on the bounds in the statement of the theorem, 
(c) The subcase r = (0,2). Then 

fa,Ad''uWu){d^Ux) = J Us{d''u)uyy{d:^+'d^^-'u) 

(r \ 1/2 / /• \ 1/2 

J faUd'-uyj l^j fa^AdT^'d-'-'uf 

1/2 



<C\\Uyy\\L^ y fa.Ad'^uf^ 



1/2 / /■ \ 1/2 



where C depends only on the bounds in the statement of the theorem. 
The case \s\ = j — 3 for j > 5. 
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In this case we consider a; > 1 and x < —1 separately. First, for x < —1, we have 



Now 

and |r| = 3 imphes each of these terms is bounded by C where C depends only on 

j Usid'uf for |7| < J - 1 
since j > 5 and each of these terms has derivatives of order < 4. Also, 

and \s\ = j — 3. Therefore, each of these terms has order at most j — 1 and thus bounded by 

h\<j-i 

Therefore, for x < —1, we have 

/ U,,s{d^u){d^u){d^u,) <C + C [ Usi^uf, 

where C depends only on the terms in the statement of the theorem. 
Now for a; > 1, we have 

since ri + si — a\. Now 

Since |r| =3, each of the terms above has order at most four, and, therefore, is bounded by 
a constant C which depends only on 



J UAd'uf for |7| < 4 < J - 1, 
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since here we are assuming j > 5. 
Similarly, 



1/4 

(/{si+l)/2,5 



1/2 

2 



1/2 

\2l 



Since \s\ = j — 3 each of these terms is of order at most j — 1. Therefore, each of these terms 
is bounded by 

l7l<i-i 

The case \s\ = j — 3 when j = 4. 

In this case, \s\ = 1. Therefore, either s = (1, 0) or s = (0, 1). For s = (1, 0), we have 

fa,Ad''u)id''u){d'u,) = [ UAd"uWu)u^^ 



Now 

I {jr^l^AQ'u))^ - (/ ^-'^[(^'^)' + + {Q'^vf\) ■ 

We note that |r| 3. Therefore, each of these terms is at most of order 4 = j. Further, 

J{fi,sUxx)^^ - ^ (/ -^^'^t^^^ + ^^^^ + ^^^f]) ■ 

We note that each of these terms is of order at most j — I. Combining these estimates, we 
conclude that 

J U,A9''u){d^u){d^u,) <C + CJ2 J UAd^'uf: 

|7|=J 

where C depends only on 



J2 JuAd-'uf. 



ItI<j-i' 

The case in which s = (0, 1) is handled similarly. 
The case |s| < j — 4:. 
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In this case, we bound the terms as follows: 
Now 

1/2 

|/(s,+i)A5(5^Ux)||loc <C[j fs,+i,5Wu,f + {d'u^^^f + {d'u^yf] 

Since |s| < j — 4, all of these terms are of order at most j — I. Therefore, each of these terms 
is bounded by 



and, therefore, 

h\=j 

where C depends only on 

l7l<i-i 



□ 



7 Main Theorem 

In this section we state and prove our main theorem, which states that if the initial data 
(j) possesses certain regularity and sufficient decay at infinity, then the solution u{t) will be 
smoother than (p. In particular if the initial data satisfies 



02 + + + (9,^0)2 <oo, 

then the solution will gain L derivatives in x. More specifically, 

£ j t^-^(l +e""-)(af m)2 < oo 
for cr > arbitrary, where T is the existence time of the solution. 

Theorem 7.1 (Main Theorem). Let T > and let u he the solution of (12. ip in the region 
[0, T] X M2 sy^ch that u G L°°([0, T] : Zl) for some L > 2. Then 

sup / fa{d''uYdxdy+ [ [ g^id'^u^f dx dy dt < C (7.1) 



for L + 1 < \a\ < 2L — 1, 2L — \a\ — a2 > I where fa € 2L-|o|-o2, H-l o,nd g^ E 
2L-\a\-a2-i, \a\-L, CT > arbitrary. 
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Proof. By assumption, u E L°°([0, T] : Zl). Therefore Ut G L°°([0, T] : L^iR'^)), then 
n G C([0, T] : L2(M2)) p C„([0, T] : Z^). Hence m : [0, T] ^ is a weakly continuous 
function. In particular, u{ - , ■ ,t) E Zl for every t. Let to G (0, T) and u( ■ , ■ , to) G Zl, then 
there are C Co°°(R2) such that 9"^^ are in Co°°(M2) and -,■) ^o) in 

Zl. Let M*^") be the unique solution of (12. ip with initial data y) at time t = to- By 

Corollary 4.4, the solution u^'^^ G L°°([to, to + S] : X^(M.^)) for a time interval 5 which not 
depend on n. By Theorem 6.1, G L°°([to, to + <5] : ^l) and 



I / QaAd'^u^y dx dy dt < C (7.2) 



for |a| = L, ai 7^ 0, where (7^^ G PKr, ai-i, and C depends only on the norm of 0*^"^ G Zl. 
Also by Theorem 6.1, we have (non- uniform) bounds on 

sup sup [(1 + x+)^|9^^m(")(x, t)| + |9;2u(")(a;, y, t)|] < +00 (7.3) 

[to,to+5] {x,y) 

for each n, A; and ai, 0:2. Therefore, the a priori estimates in Lemma 5.1, are justified for 
each u^^^ in the interval [to, to + 5]. 

We start our induction with |a| = L + 1. In this case, we take Qa G W^, 1-2-0.2,1 and 
let fa = I I-oo3(^^^' t)dz. We note that 2L — \a\ — a2 > 1 by assumption. Therefore, 
L — 2 — ^2 > 0. As shown in Lemma 5.1, we have the following bounds on the higher 
derivatives of u*^"-*, 

fa{d''u^'''^fdxdy+ I / ga{d''uf^fdxdydt<C (7.4) 



sup 

where C depends only on the norm of G L°°([0, T] : Zl) and the term in (USD- We 
conclude, therefore, that the constant C in (17.41) depends only on We continue this 

procedure inductively. For the step, let Qa G Wa, 2L-|a|-a2-i, \a\-L for 0:2 < 2L — |a| — 1 
and define fa = \ jl^9a{z., t) dz. The non-uniform bounds on m*^") in (17.21) allows us to use 
Lemma 5.1 and our inductive hypothesis to conclude that 

to+<5 r 

fa{d''u^''^fdxdy+ / / ga{d''u'^^^fdxdydt<C 



sup 

[io,to+<5] J to 



where again C does not depend on n, but only on the norm of G Zl- By Corollary 4.5, 



u 



(n) JN^ 



u weakly in L°°([to, to + 5] : ^^(M^)). 



Therefore, we can pass to the limit and conclude that 

sup / fa{d''ufdxdy+r j g^^d'^uf dxdydt < C. (7.5) 



[to,to+5]JR2 Jto 

This proof is continued inductively up to |q;| = 2L — 1. Since 5 does not depend on n, this 
result is valid over the whole interval [0, T]. □ 
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